Given a graph G and a set of k colors, assign an arbitrary subset of these colors to each vertex of G. If each vertex to which the empty set is assigned has all k colors in its neighborhood, then the assignment is called a k-rainbow dominating function (kRDF) of G. The minimum sum of numbers of assigned colors over all vertices of G is called the k-rainbow domination number of graph G, denoted by γ rk (G). In this paper, we focus on the study of the k-rainbow domination number of the Cartesian product of cycles, C n 2C m . For k ≥ 8, based on the results of J. Amjadi et al. (2017) , γ rk (C n 2C m ) = mn. For (4 ≤ k ≤ 7), we give a proof for the new lower bound of γ r4 (C n 2C 3 ). We construct some novel and recursive kRDFs which are good enough and upon these functions we get sharp upper bounds of γ rk (C n 2C m ). Therefore, we obtain the following results:
Theorem 1. ( [21] ) Let k be a positive integer, and let G be a graph of order n, then
Corollary 1. ( [21] ) Let k be a positive integer, and let G be a graph of order n. If k ≥ 2∆(G), then γ rk (G) = n.
Since ∆(C n 2C m ) = 4, by Corollary 1, it has Corollary 2. For k ≥ 8, γ rk (C n 2C m ) = mn.
In this paper, we provide a proof for the new lower bound on the 4-rainbow domination number of C n 2C 3 . We construct some recursive kRDFs and upon these functions we obtain sharp upper bounds on the 4-rainbow domination number of C n 2C m . We determine the exact values γ r4 (C n 2C 3 ) = 2n and γ rk (C n 2C m ) = kmn 8 for n ≡ 0(mod4), m ≡ 0(mod4) (4 ≤ k ≤ 7). We present some bounds of γ rk (C n 2C m ) for n ≡ 0(mod4) or m ≡ 0(mod4) (4 ≤ k ≤ 7). At last, we discuss Vizing's conjecture on the k-rainbow domination number of C n 2C m . Proof. In C n 2C m , the order is mn, ∆ = 4. Since k = 4, then k = ∆. By Theorem 1, we can obtain the lower bound of γ r4 (C n 2C m ) is mn 2 .
4-Rainbow Domination Number of Graph
For some special graphs, the lower bound of γ r4 (C n 2C m ) can be higher than mn 2 . Next, we will prove the lower bound of γ r4 (C n 2C 3 ) can be improved to 2n instead of 3n 2 . Let f be a 4RDF on C n 2C 3 , we denote V i = {v i,j |0 ≤ j ≤ 2}, w( f (v i,j )) = | f (v i,j )| and w( f i ) = ∑ v i,j ∈V i | f (v i,j )|. Lemma 2. For G = C n 2C 3 , if there exists i (0 ≤ i ≤ n − 1) such that w( f i ) = 0, then w( f i−1 ) ≥ 6 or w( f i+1 ) ≥ 6, where indices are read modulo n.
Proof. If w( f i ) = 0, i.e., w( f (v i,0 )) = w( f (v i,1 )) = w( f (v i,2 )) = 0, then by the definition of 4RDF, it follows
= w( f (v i−1,0 )) + w( f (v i−1,1 )) + w( f (v i−1,2 )) + w( f (v i+1,0 )) + w( f (v i+1,1 )) + w( f (v i+1,2 )) = (w( f (v i−1,0 )) + w( f (v i+1,0 ))) + (w( f (v i−1,1 )) + w( f (v i+1,1 ))) + (w( f (v i−1,2 )) + w( f (v i+1,2 )))
So, w( f i−1 ) ≥ 6 or w( f i+1 ) ≥ 6.
Lemma 3. For G = C n 2C 3 , if there exists i (0 ≤ i ≤ n − 1) such that w( f i ) = 1, then w( f i−1 ) ≥ 3 or w( f i+1 ) ≥ 3, where indices are read modulo n.
Proof. If w( f i ) = 1, without loss of generality, we let w( f (v i,0 )) = 1, then by the definition of 4RDF, it follows w( f i−1 ) + w( f i+1 ) = (w( f (v i−1,0 )) + w( f (v i−1,1 )) + w( f (v i−1,2 ))) + w( f (v i+1,0 )) + w( f (v i+1,1 )) + w( f (v i+1,2 ))) = (w( f (v i−1,0 )) + w( f (v i+1,0 ))) + (w( f (v i−1,1 )) + w( f (v i+1,1 ))) + (w( f (v i−1,2 )) + w( f (v i+1,2 )))
So, w( f i−1 ) ≥ 3 or w( f i+1 ) ≥ 3.
Lemma 4.
Let G = C n 2C 3 , then γ r4 (G) ≥ 2n.
Proof. For 0 ≤ i ≤ n − 1 we divide V i into B s by the following steps.
Step 0. Let s = s 1 = s 2 = s 3 = 0 and let D[i] = 0 for i = 0 up to n − 1.
Step 1. For every i with w( f i ) ≥ 6 ∧ D[i] = 0 do: It follows ∑ V i ⊆∪ s t=s 2 +1 B t w( f i ) ≥ |∪ s t=s 2 +1 B t | 3 × 2. Let s 3 = s. By Lemma 2 and 3, by now, w( f i ) = 2 for all D[i] = 0 (0 ≤ i ≤ n − 1).
Step 4. For every i with w( f i ) = 2 ∧ D[i] = 0 do:
Thus,
Upper Bounds on the 4-Rainbow Domination Number of Graph
Proof. First, we define a function g on C 4 2C 3 as follows. Figure 2a shows g on C 4 2C 3 . For convenience, we use 0, 1, 2, 3, 4 to encode the color sets ∅, {1}, {2}, {3}, {4}, and use 1, 2; 1, 3; · · · ; 3, 4 to encode the color sets {1, 2}, {1, 3}, · · · , {3, 4}. We use Figure 2b to show a function on a graph in the rest of this paper. Version November 20, 2019 Then, we construct a function f as follows. Figure 3 shows f on C 8 2C 3 , C 9 2C 3 , C 10 2C 3 and C 11 2C 3 . One can check f is a 4RDF and its 123 weight is w( f ) = n × 2 = 2n. Hence, γ r4 (C n 2C 3 ) ≤ 2n.
124
For C n 2C m (n, m ≥ 4), by symmetry of C n 2C m , we construct 4RDFs in the following cases:
125
(1) m, n are evens and m ≡ 0(mod4), n ≡ 0(mod4) (Lemma 6).
126
(2) m, n are evens and m ≡ 0(mod4), n ≡ 2(mod4) (Lemma 7). Then, we construct a function f as follows. Then, we construct a function f as follows. Figure 3 shows f on C 8 2C 3 , C 9 2C 3 , C 10 2C 3 and C 11 2C 3 . One can check f is a 4RDF and its
125
126
(2) m, n are evens and m ≡ 0(mod4), n ≡ 2(mod4) (Lemma 7).
127
(3) m, n are evens and m ≡ 2(mod4), n ≡ 2(mod4) (Lemma 8).
128
(4) m, n are odds and m ≡ 1(mod4), n ≡ 1(mod4) (Lemma 9).
129
(5) m, n are odds and m ≡ 1(mod4), n ≡ 3(mod4) (Lemma 10).
130
(6) m, n are odds and m ≡ 3(mod4), n ≡ 3(mod4) (Lemma 9). 131 (7) m is odd, n is even and m ≡ 1(mod2), n ≡ 0(mod4) (Lemma 11).
132
(8) m is odd, n is even and m ≡ 1(mod2), n ≡ 2(mod4) (Lemma 12).
(1) m, n are evens and m ≡ 0(mod4), n ≡ 0(mod4) (Lemma 6). (2) m, n are evens and m ≡ 0(mod4), n ≡ 2(mod4) (Lemma 7). (3) m, n are evens and m ≡ 2(mod4), n ≡ 2(mod4) (Lemma 8). (4) m, n are odds and m ≡ 1(mod4), n ≡ 1(mod4) (Lemma 9). (5) m, n are odds and m ≡ 1(mod4), n ≡ 3(mod4) (Lemma 10). (6) m, n are odds and m ≡ 3(mod4), n ≡ 3(mod4) (Lemma 9). (7) m is odd, n is even and m ≡ 1(mod2), n ≡ 0(mod4) (Lemma 11).
Mathematics 2019, 7, 1153 6 of 19 (8) m is odd, n is even and m ≡ 1(mod2), n ≡ 2(mod4) (Lemma 12).
Proof. We first define a 4RDF g 1 on C 4 2C 4 , and Figure 4 shows the function.
submitted to Journal Not Specified 6 of 19 a 4RDF g 1 on C 4 2C 4 , and Figure 4 shows the function.
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where g 1 is defined as shown in Figure 4 .
Proof. We construct the function f as follows.
where g 1 is defined as shown in Figure 4 . Figure 6 shows f on C 10 2C 8 . The weight w( f ) = m×(n−1) 
Proof. First, we define six different functions on C 4 2C 4 and Figure 7 shows the six functions. 
Proof. First, we define six different functions on C 4 2C 4 and Figure 7 shows the six functions. Figure 6 shows f on
Proof. First, we define six different functions on C 4 2C 4 and Figure 7 shows the six functions. Then, we design a novel partition, {B 11 , B 12 , B 13 , B 14 , B 15 }, on C m 2C m . The blocks are defined as the following (shown in Figure 8 ).
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Now, we construct g m and g ′ m on C m 2C m .
145
For m ≡ 6 (mod 8),
. Figure 9 shows f on C 42 2C 14 and C 54 2C 18 . One can check f is a 4RDF and its weight is Now, we construct g m and g m on C m 2C m . For m ≡ 6 (mod 8),
For m ≡ 2 (mod 8),
Case 1. For n ≡ 0 (mod m), we construct f on C n 2C m as follows.
. Figure 9 shows f on C 42 2C 14 and C 54 2C 18 . One can check f is a 4RDF and its weight is w( f ) = ( mm 2 + 2) × n m = mn 2 + 2n m . Hence, γ r4 (C n 2C m ) ≤ mn 2 + 2n m for n ≡ 0(modm). Case 2. For n ≡ 0 (mod m), we design two kinds of partition, {B 11 , B 12 , B 13 , B 14 , B 15 } and {B 21 , B 22 , B 23 , B 24 , B 25 }. The former is defined as shown in Figure 8 , and the later is defined on the lines from nn + 1 to n − 1 as shown in Figure 10 
Version November 20, 2019 submitted to Journal Not Specified 10 of 19 Figure 10 . Partition on the last [(n − 1) − (nn + 1)] lines.
We construct functions h and h ′ on the lines from nn + 1 to n − 1.
152
For m ≡ 6 (mod 8) , We construct functions h and h on the lines from nn + 1 to n − 1.
For m ≡ 6 (mod 8) ,
For m ≡ 2 (mod 8) , Figure 11 shows f on C 46 2C 14 and C 58 2C 18 . One can check f is a 4RDF and its weight is Proof. We construct f on C n 2C m as follows.
where g 1 is defined as shown in Figure 4 . Figure 12 shows f on C 9 2C 9 and C 11 2C 11 . The weight w( f ) = (m−1)(n−1) Proof. We construct f on C n 2C m as follows, Proof. We construct f on C n 2C m as follows,
where g 1 is defined as shown in Figure 4 . Figure 13 shows f on C 11 2C 9 . One can check f is a 4RDF and its weight is
Lemma 11. For m ≡ 1(mod2), n ≡ 0(mod4) (m, n ≥ 4), γ r4 (C n 2C m ) ≤ mn 2 + n 2 .
Proof. We construct f on C n 2C m as follows,
where g 1 is defined as shown in Figure 4 . where g 1 is defined as shown in Figure 4 . 
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164
where g 1 is defined as shown in Figure 4 . 166 Figure 14 shows f on C 8 2C 9 , C 8 2C 11 . One can check f is a 4RDF and its weight is w( f ) = Figure 13 shows f on C 11 2C 9 . One can check f is a 4RDF and its weight is
where g 1 is defined as shown in Figure 4 . Figure 14 shows f on C 8 2C 9 , C 8 2C 11 . One can check f is a 4RDF and its weight is w( f ) = (m−1)×n 2 + n = mn 2 + n 2 . Hence, γ r4 (C n 2C m ) ≤ mn 2 + n 2 .
Lemma 12. For m ≡ 1(mod2), n ≡ 2(mod4) (m, n ≥ 4),
. Lemma 12. For m ≡ 1(mod2), n ≡ 2(mod4) (m, n ≥ 4),
Proof. Case 1. For m ≡ 1(mod4), we construct f as follows,
where g 1 is defined as shown in Figure 4 . Figure 15 shows f on C 10 2C 9 . The weight w( f ) = (m−1)×(n−1)
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169 Figure 15 shows f on C 10 2C 9 . The weight w( f ) = (m−1)×(n−1) 2 + n + 3(m−1) 2 = mn 2 + m + n 2 − 1.
170
Hence, γ r4 (C n 2C m ) ≤ mn 2 + m + n 2 − 1 for m ≡ 1(mod4).
171
Case 2. For m ≡ 3(mod4), we construct f as follows,
where g 1 is defined as shown in Figure 4 . To sum up, for m ≡ 0 (mod 4) or n ≡ 0 (mod 4) and 5 ≤ k ≤ 7, γ rk (C n 2C m ) ≤ k mn+n 8 + m.
By Lemma 13 and Lemma 15, we have the following Theorem.
Theorem 5. For m, n ≥ 4, m ≡ 0 (mod 4), n ≡ 0 (mod 4) and 5 ≤ k ≤ 7, γ rk (C n 2C m ) = kmn 8 . 
Discussion on Vizing's Conjecture
Vizing's conjecture [3] concerns a relation between the domination number and the cartesian product of graphs. It states γ(G2H) ≥ γ(G)γ(H), where γ(G) denotes the domination number of G. In this section, we check Vizing's generalized conjecture for the k-rainbow domination number of C n 2C m (shown in Table 1 ). From Table 1 , one can see γ rk (C m 2C n ) ≥ γ rk (C m )γ rk (C n ) is not always true. Table 1 . Known results of k-rainbow domination number of C n and C n 2C m
